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Abstract
Convolutions or Hadamard products of analytic functions is a well explored
area of research and many nice results are available in literature. On the
other hand, very little is known in general about the convolutions of uni-
valent harmonic mappings. So, researchers started exploring properties of
convolutions of some specific univalent harmonic mappings and while doing
so, they have mostly used well known ‘Cohn’s rule’ or/and ‘Schur-Cohn’s al-
gorithm’, which involves computations that are very cumbersome. The main
objective of this article is to present an alternative approach, which requires
very less computational efforts and allows us to prove more general results.
Most of the earlier known results follow as particular cases of the results
proved herein.
Keywords: Harmonic mapping, Convolution, Right half plane mapping,
Convexity in one direction
1. Introduction
Let us condider a class SH of complex valued univalent harmonic functions
f in the open unit disc D = {z ∈ C : |z| < 1}, having canonical representation
f = h + g and normalized by the conditions h(0) = g(0) = 0 = h′(0) − 1.
The Jacobian Jf(z) of f is given by
Jf(z) = |fz(z)|
2 − |fz(z)|
2 = |h′(z)|2 − |g′(z)|2.
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Lewy (1936) proved that a harmonic function f = h+ g is locally univalent
and sense preserving in D if and only if Jf (z) > 0 in D. This is equivalent to
the existence of an analytic function w(z) = g
′(z)
h′(z)
, satisfying |w(z)| < 1 in D.
Here, w is called the dilatation of f (see Duren (2015)).
Denote by S0H the subclass of SH having functions f with additional nor-
malization condition fz(0) = 0. The subclass of SH(S
0
H) containing convex
functions is denoted by KH(K
0
H). Let S ⊂ SH be the class of analytic and
univalent functions and let K,S∗ and C be the usual subclasses of S contain-
ing convex, starlike and close-to-convex functions, respectively. A domain E
in C is said to be convex in the direction ψ, 0 ≤ ψ < pi, if every line parallel
to the line through 0 and eiψ has an empty or connected intersection with
E. A function f is said to be convex in the direction of ψ if it maps D onto
the domain convex in the direction of ψ, 0 ≤ ψ < pi. If ψ = 0, then f is said
to be convex in the direction of the real axis and if ψ = pi/2, then f is said
to be convex in the direction of the imaginary axis.
The convolution or Hadamard product of two analytic functions f(z) =
z+
∑
∞
n=2 anz
n and F (z) = z+
∑
∞
n=2Anz
n, is denoted by f ∗F and is defined
as (f ∗ F )(z) = z +
∑
∞
n=2 anAnz
n. Let f = h + g and F = H + G be two
harmonic mappings, then their convolution is denoted by f ∗˜F and is defined
as f ∗˜F = h ∗ H + g ∗G. Many pleasant results are available in literature
on the convolution of analytic functions. For example, Ruscheweyh (1973)
proved that
1. f ∗ g ∈ K for all f, g ∈ K;
2. f ∗ g ∈ S∗ for all f ∈ K and g ∈ S∗;
3. f ∗ g ∈ C for all f ∈ K and g ∈ C.
On the other hand, not much is known about the properties of convolutions
of harmonic functions and there are no general results of the kind stated
above in this case. For example, for F,G ∈ KH , F ∗˜G may not be univalent
in D even (see Nagpal (2015)). However, some researchers started exploring
the nature of convolutions of some specific harmonic maps. We mentioned
some of them below.
It is well known that if f = h+ g ∈ S0H maps D onto the right half plane
R = {w ∈ C : Rew > −1/2}, then it must satisfy
h(z) + g(z) =
z
1− z
.
In 2001, Dorff (2012) started study of convolution of right half plane harmonic
mappings. He presented following results.
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Theorem 1.1. Let fi = hi + gi be the harmonic right half plane mappings
with hi(z) + gi(z) =
z
1−z
for i = 1, 2. Then f1∗˜f2 ∈ S
0
H and is convex in
the direction of the real axis provided, f1∗˜f2 is locally univalent and sense
preserving in D.
In the same paper, he defined a family of harmonic mappings Vβ = uβ+vβ ,
obtained from analytic strip mappings, by using ‘shearing technique ’ Clunie
(1984)
uβ(z) + vβ(z) =
1
2iSinβ
log
(
1 + zeiβ
1 + ze−iβ
)
, 0 < β < pi (1)
and established the following result.
Theorem 1.2. Let f = h+g be the harmonic right half plane mappings with
h(z)+g(z) = z
1−z
and Vβ = uβ+vβ ∈ SH as defined in (1) with pi/2 ≤ β < pi.
Then f ∗˜Vβ ∈ S
0
H and is convex in the direction of the real axis provided, f ∗˜Vβ
is locally univalent and sense preserving in D.
Let F0 = H0 +G0 be the harmonic right half plane mapping given by
H0 +G0 = z/(1− z), G
′
0/H
′
0 = −z. (2)
Then F0 is called the standard right half plane mapping. Dorff (2012) were
able to drop the requirement of local univalence and sense preserving from
the above results as under.
Theorem 1.3. Let F = H + G be the harmonic right half plane mapping
with H(z) + G(z) = z
1−z
and G′(z)/H ′(z) = eiθzn(θ ∈ R, n ∈ N). Then for
n = 1, 2, F0∗˜F ∈ S
0
H and is convex in the direction of the real axis. Here, F0
is the standard right half plane mapping as defined above.
Theorem 1.4. Let Vβ = uβ+vβ ∈ SH be the harmonic mapping as defined in
(1) with v′β(z)/u
′
β(z) = e
iθzn(θ ∈ R, n ∈ N). Then for n = 1, 2, F0∗˜Vβ ∈ S
0
H
and is convex in the direction of the real axis.
For a real number γ, 0 ≤ γ < 2pi, the mappings fγ = hγ + gγ, given by
hγ(z) + e
−2iγgγ(z) =
z
1− eiγz
(3)
is called slanted right half plane mapping and maps the unit disc D onto
slanted right half plane given by H(γ) = {w ∈ C : Re(eiγw) > −1/2} (see
Dorff (2012)). We denote by SH(γ), the family of all slanted right half plane
mappings.
Li (2013) proved the following.
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Theorem 1.5. Let fγ ∈ SH(γ) be as defined above with dilatation g
′
γ(z)/h
′
γ(z) =
eiθzn, θ ∈ R, n = 1, 2. Then F0∗˜fγ ∈ S
0
H and is convex in the direction of −γ.
Kumar (2016) generalized Theorem 1.3 by taking Fa instead of F0, where
Fa = Ha +Ga ∈ KH is the right half plane mapping given by
Ha(z) +Ga(z) =
z
1− z
,
G′a(z)
H ′a(z)
=
a− z
1− az
, a ∈ (−1, 1) (4)
and proved the following.
Theorem 1.6. Let F = H+G be the harmonic right half plane mapping with
H(z)+G(z) = z
1−z
and G′(z)/H ′(z) = eiθzn(θ ∈ R, n ∈ N). Then Fa∗˜F ∈ SH
and is convex in the direction of the real axis for all a ∈ [(n− 2)/(n+ 2), 1).
Similarly, in an attempt to generalize Theorem 1.4, Kumar (2015) pro-
posed the following conjecture. Which they themselves proved for 0 < β < pi
and n = 1, 2, 3, 4; and also for the case when β = pi/2 and n is a natural
number.
Theorem 1.7. Let Vβ = uβ + vβ ∈ SH be the harmonic mapping as defined
in (1) with v′β(z)/u
′
β(z) = e
iθzn(θ ∈ R, n ∈ N). Then Fa∗˜Vβ ∈ SH and is
convex in the direction of the real axis for all a ∈ [(n− 2)/(n+2), 1), where,
Fa is the harmonic right half plane mapping as defined in (4).
Liu (2017) gave the alternative proof of the above result for all n ∈ N
and β = pi/2.
Recently, Beig (2017) considered more general slanted right half plane map-
pings F(a,α) = H(a,α) +G(a,α) ∈ SH(α), essentially given by
H(a,α)(z) + e
−2iαG(a,α)(z) =
z
1− zeiα
,
G′(a,α)(z)
H ′(a,α)(z)
= e2iα
(
a− zeiα
1− azeiα
)
, (5)
where, a ∈ (−1, 1), α ∈ [0, 2pi) and studied its convolution with another
slanted right half plane mapping fγ = hγ+gγ given by (3) and with dilatation
g′γ(z)/h
′
γ(z) = e
iθzn, θ ∈ R, n ∈ N. (6)
They obtained the following result.
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Theorem 1.8. Let F(a,α) = H(a,α) +G(a,α) ∈ SH(α) be given by (5) and fγ =
hγ + gγ be given by (3) with dilatation as given in (6). Then F(a,α)∗˜fγ ∈ SH
and is convex in the direction of −(α + γ) for all a ∈ [(n− 2)/(n+ 2), 1).
Wang (2016) considered a new family of harmonic mappings fc = hc+gc,
convex in horizontal direction given by
hc(z)− gc(z) =
z
1− z
g′c(z)
h′c(z)
= z. (7)
and presented following result.
Theorem 1.9. For n ∈ N, let fn = hn + gn, be harmonic mappings with
hn(z)− gn(z) =
1
2i sinψ
log
(
1 + zeiψ
1 + ze−iψ
)
, pi/2 ≤ ψ < pi
and
g′n(z)
h′n(z)
= eiθzn(θ ∈ R). If n = 1, 2, then fc∗˜fn ∈ S
0
H and is convex in the
direction of the real axis, where fc is given by (7).
It has been observed that most of the results listed out above have
been proved mostly by using ‘Cohn’s rule’ or/and ‘Schur-Cohn’s algorithm’
Kumar (2016) and computations involved are extremely cumbersome. The
main objective of the present article is to present a technique, which is sim-
ple to apply and involves very less computations. Our technique enables
us to prove more general results and all the results stated above, deduce as
particular cases of the results obtained herein.
2. Convolution of Convex Harmonic Functions
We begin this section by proving the following simple result.
Lemma 2.1. Let k and k′ be real numbers with k′− k > 0. Then for w ∈ C,∣∣∣∣ k + wk′ + w
∣∣∣∣ < 1
if and only if
Re(w) > −
(
k + k′
2
)
.
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Proof. We can easily see that ∣∣∣∣ k + wk′ + w
∣∣∣∣ < 1
if and only if
k2 + |w|2 + 2kRe(w) < k′2 + |w|2 + 2k′Re(w).
This is equivalent to
Re(w) > −
(
k + k′
2
)
as k′ − k > 0.
We shall also need the following result whose proof runs on the same lines
as that of Theorem 2 in Dorff (2012) and hence is omitted.
Lemma 2.2. Let F1 = H1+G1 ∈ SH(α), F2 = H2+G2 ∈ SH be two harmonic
functions with H1(z) + e
−2iαG1(z) =
z
1−zeiα
and H2(z) + e
−2iγG2(z) = f(z),
where
zf ′(z) =
z
(1 + zei(η+γ))(1 + ze−i(η−γ))
for some η ∈ R. Then F1∗˜F2 ∈ SH and is convex in the direction of −(α+γ),
provided F1∗˜F2 is locally univalent and sense preserving in D.
Now, consider a family of harmonic mappings T(η,γ) = R(η,γ)+S(η,γ), given
by
R(η,γ)(z) + e
−2iγS(η,γ)(z) = f(z),
S ′(η,γ)(z)
R′(η,γ)(z)
= eiθzn, (8)
where f is the analytic mapping in D given by
zf ′(z) =
z
(1 + zei(η+γ))(1 + ze−i(η−γ))
for some η ∈ R. Pommerenke Pommerenke (1963) has shown that zf ′ is
starlike in D.
Theorem 2.3. Let F(a,α) = H(a,α) + G(a,α) ∈ SH(α) be given by (5). Then
F(a,α)∗˜T(η,γ) ∈ SH and is convex in the direction of −(α+γ) for a ∈
[
n−2
n+2
, 1
)
.
Here, T(η,γ) ∈ SH is given by (8).
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Proof. From equations in (5), using ‘shear technique’ (see Clunie (1984)), we
get
H(a,α)(z) =
1
2
[
z
(1− zeiα)
+
(
1− a
1 + a
)
z
(1− zeiα)2
]
and
G(a,α)(z) =
1
2
[
ze2iα
(1− zeiα)
−
(
1− a
1 + a
)
ze2iα
(1− zeiα)2
]
.
In view of Lemma 2.2, it is enough to prove that dilatationW (z) =
(G(a,α) ∗ S(η,γ))
′(z)
(H(a,α) ∗R(η,γ))′(z)
of F(a,α)∗˜T(η,γ) satisfies |W (z)| < 1 in D. As
W (z) = e2iα
(G(a,0) ∗ S(η,γ))
′(zeiα)
(H(a,0) ∗R(η,γ))′(zeiα)
= e2iαŵ(zeiα)(say),
it is therefore enough to prove that |ŵ(z)| < 1 in D. Further, note that
ŵ(z) =
2aS ′(η,γ)(z)− (1− a)zS
′′
(η,γ)(z)
2R′(η,γ)(z) + (1− a)zR
′′
(η,γ)(z)
. (9)
From (8), we get
S ′(η,γ)(z) = e
iθznR′(η,γ)(z)
and so
S ′′(η,γ)(z) = e
iθznR′′(η,γ)(z) + ne
iθzn−1R′(η,γ)(z).
Putting these values of S ′(η,γ) and S
′′
(η,γ) in equation (9), we have
ŵ(z) = −eiθzn
 n−(n+2)a1−a +
zR′′
(η,γ)
(z)
R′
(η,γ)
(z)
2
1−a
+
zR′′
(η,γ)
(z)
R′
(η,γ)
(z)
 . (10)
Now, |ŵ(z)| < 1 if ∣∣∣∣∣∣∣
n−(n+2)a
1−a
+
zR′′
(η,γ)
(z)
R′
(η,γ)
(z)
2
1−a
+
zR′′
(η,γ)
(z)
R′
(η,γ)
(z)
∣∣∣∣∣∣∣ ≤ 1. (11)
For a = n−2
n+2
, we note that left hand side of (11) is equal to 1 and for
a ∈
(
n−2
n+2
, 1
)
, (
2
1− a
)
−
(
n− (n+ 2)a
1− a
)
> 0.
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Therefore, in view of Lemma 2.1, it is sufficient to prove that
Re
{
zR′′(η,γ)(z)
R′(η,γ)(z)
}
> −
n + 2
2
. (12)
From (8), we have
R′(η,γ)(z) =
f ′(z)
1 + ei(θ−2γ)zn
,
which gives
zR′′(η,γ)(z)
R′(η,γ)(z)
=
zf ′′(z)
f ′(z)
−
nei(θ−2γ)zn
1 + ei(θ−2γ)zn
,
or equivalently
n + 2 +
2zR′′(η,γ)(z)
R′(η,γ)(z)
= 2
(
1 +
zf ′′(z)
f ′(z)
)
+ n
(
1− ei(θ−2γ)zn
1 + ei(θ−2γ)zn
)
.
Now, Re
(
1 + zf
′′(z)
f ′(z)
)
> 0 in D because f is convex in D (as zf ′ is starlike in
D) and for |z| < 1, we have Re
(
1−ei(θ−2γ)zn
1+ei(θ−2γ)zn
)
> 0. This gives
Re
{
n+ 2 +
2zR′′(η,γ)(z)
R′(η,γ)(z)
}
> 0
in D, which in turn, shows that (12) is true.
Remark 2.4. By assigning suitable values to the parameters α, γ and η in
Theorem 2.3, we easily deduce most of the results listed in Section 1 as under.
1. If we put η = pi in (8), we get
R(pi,γ)(z) + e
−2iγS(pi,γ)(z) =
z
1− zeiγ
and Theorem 2.3 reduces to Theorem 1.8.
2. On taking α = γ = 0 and 0 < η < pi in Theorem 2.3, we get Theorem
1.7. In addition, if we take a = 0 also, then we get Theorem 1.4.
3. By taking α = a = 0 and η = pi in Theorem 2.3, we get Theorem 1.5.
4. Setting α = γ = 0 and η = pi in Theorem 2.3 gives Theorem 1.6, which
in turn reduce to Theorem 1.3, if we substitute a = 0 also.
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3. Convolution of Harmonic Functions convex in one direction
In this section, we study convolutions of harmonic functions convex in
one direction. To proceed further, we need following result whose proof is
omitted as it follows similarly as the proof of Theorem 2 in Dorff (2012).
Lemma 3.1. Let f1 = h1+ g1 ∈ SH and f2 = h2+ g2 ∈ SH be two harmonic
functions with h1(z)−e
−2iαg1(z) =
z
1−zeiα
, α ∈ [0, 2pi) and h2(z)−e
−2iγg2(z) =
f(z), where,
zf ′(z) =
z
(1 + zei(η+γ))(1 + ze−i(η+γ))
for some η ∈ R. Then f1∗˜f2 ∈ SH and is convex in the direction of −(α+γ),
provided f1∗˜f2 is locally univalent and sense preserving in D.
Now, consider harmonic mapping fb,α = hb,α+gb,α, b ∈ (−1, 1), α ∈ [0, 2pi)
with
hb,α(z)− e
−2iαgb,α(z) =
z
1− zeiα
,
g′b,α(z)
h′b,α(z)
= e2iα
(
b+ zeiα
1 + bzeiα
)
(13)
and another harmonic mapping tη,γ = rη,γ + sη,γ, γ ∈ [0, 2pi) given by
rη,γ(z)− e
−2iγsη,γ(z) = f(z),
s′η,γ(z)
r′η,γ(z)
= eiθzn, θ ∈ R, n ∈ N, (14)
where,
zf ′(z) =
z
(1 + zei(η+γ))(1 + ze−i(η−γ))
for some η ∈ R. As the analytic mappings z/(1− zeiα), α ∈ [0, 2pi) and f are
both convex, so fb,α and tη,γ are in SH (see Clunie (1984)). Now we present
the following result.
Theorem 3.2. Let fb,α = hb,α + gb,α ∈ SH be given by (13) and tη,γ =
rη,γ + sη,γ ∈ SH be given by (14). Then fb,α∗˜tη,γ ∈ SH and is convex in the
direction of −(α + γ) for all b ∈
(
−1, −(n−2)
n+2
]
.
Proof. By using ‘shear technique ’ (see Clunie (1984)), from (13), we get
hb,α(z) =
1
2
[(
1 + b
1− b
)
z
(1− zeiα)2
+
z
(1− zeiα)
]
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and
gb,α(z) =
1
2
[(
1 + b
1− b
)
ze2iα
(1− zeiα)2
−
ze2iα
(1− zeiα)
]
.
If W denotes the dilatation function of fb,α∗˜tη,γ = hb,α ∗ rη,γ + gb,α ∗ sη,γ , we
get
W (z) =
(gb,α ∗ sη,γ)
′(z)
(hb,α ∗ rη,γ)′(z)
.
In view of Lemma 3.1, we only need to show that |W (z)| < 1 in D. As
W (z) = e2iα
(gb,0 ∗ sη,γ)
′(zeiα)
(hb,0 ∗ rη,γ)′(zeiα)
= e2iαŵ(zeiα)(say),
it is therefore enough to prove that |ŵ(z)| < 1 in D. Further, note that
ŵ(z) =
2bs′η,γ(z) + (1 + b)zs
′′
η,γ(z)
2r′η,γ(z) + (1 + b)zr
′′
η,γ(z)
. (15)
From (14), we have
s′η,γ(z) = e
iθznr′η,γ(z)
and therefore
s′′η,γ(z) = e
iθznr′′η,γ(z) + ne
iθzn−1r′η,γ(z).
Putting these values of s′η,γ and s
′′
η,γ in equation (15), we have
ŵ(z) = eiθzn
 n+(n+2)b1+b + zr′′η,γ(z)r′η,γ(z)
2
1+b
+
zr′′η,γz)
r′η,γ(z)
 . (16)
So, it is enough to prove that∣∣∣∣∣∣
n+(n+2)b
1+b
+
zr′′η,γ(z)
r′η,γ(z)
2
1+b
+
zr′′η,γ(z)
r′η,γ(z)
∣∣∣∣∣∣ ≤ 1. (17)
We get equality in (17) for b = −n−2
n+2
and for b ∈
(
−1,−n−2
n+2
)
,(
2
1 + b
)
−
(
n+ (n + 2)b
1 + b
)
> 0.
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Therefore, in view of Lemma 2.1, it is sufficient to prove that
Re
{
zr′′η,γ(z)
r′η,γ(z)
}
> −
n + 2
2
in D, or equivalently
Re
{
n+ 2 +
2zr′′η,γ(z)
r′η,γ(z)
}
> 0 (18)
in D. From (14), we have
r′η,γ(z) =
f ′(z)
1− ei(θ−2γ)zn
,
which gives
zr′′η,γ(z)
r′η,γ(z)
=
zf ′′(z)
f ′(z)
+
nei(θ−2γ)zn
1− ei(θ−2γ)zn
or
n+ 2 +
2zr′′η,γ(z)
r′η,γ(z)
= 2
(
1 +
zf ′′(z)
f ′(z)
)
+ n
(
1 + ei(θ−2γ)zn
1− ei(θ−2γ)zn
)
.
Now, Re
(
1 + zf
′′(z)
f ′(z)
)
> 0 in D because f is convex in D (as zf ′ is starlike in
D) and for |z| < 1, we have Re
(
1+ei(θ−2γ)zn
1−ei(θ−2γ)zn
)
> 0. Thus (18) is true.
Remark 3.3. We remark that Theorem 1.9 can be obtained from Theorem
3.2 by setting b = α = γ = 0 and choosing η in [pi/2, pi).
4. Acknowledgement
First author is thankful to UGC - CSIR, New Delhi for providing financial
support in the form of Senior Research Fellowship vide Award Letter Number
- 2061540842.
References
Beig, S., Ravichandran, V.: Convexity in one direction of convolutions and
linear combination of harmonic functions. arXiv:1703.03599 (2017).
11
Clunie, J., Sheil-Small, T.: Harmonic univalent functions. Ann. Acad. Sci.
Fenn. Ser. A I Math. 9, 3–25 (1984).
Dorff, M.: Convolutions of planar harmonic convex mappings. Complex Var.
Elliptic Equ. 45.3, 263–271 (2001).
Dorff, M., Nowak, M., Woloszkiewicz, M.: Convolutions of harmonic convex
mappings. Complex Var. Elliptic Equ. 57.5, 489–503 (2012).
Duren, P.: Harmonic Mappings in the plane. Cambridge Univ. Press. (2004).
Kumar, R., Gupta, S., Singh, S., Dorff, M.: On harmonic convolutions in-
volving a vertical strip mapping. Bull. Korean Math. Soc. 52.1, 105–123
(2015).
Kumar, R., Dorff, M., Gupta, S., Singh, S.: Convolution properties of some
harmonic mappings in the right half-plane. Bull. Malays. Math. Sci. Soc.
39.1, 439–455 (2016).
Lewy, H.: On the non vanishing of the jacobian in certain one to one map-
pings. Bull. Amer. Math. Soc. 42, 689–692 (1936).
Li, L., Ponnusamy, S.: Convolutions of slanted half-plane harmonic map-
pings. Analysis (Munich). 33.2, 159–176 (2013).
Nagpal, S., Ravichandran, V.: Convolution properties of the harmonic Koebe
function and its connection with 2-starlike mappings. Complex Var. Ellip-
tic Equ. 60.2, 191–210 (2015).
Pommerenke, C.: On Starlike and close-to-convex functions. Proc. Lond.
Math. Soc. 13.3, 290–304 (1963).
Liu, Z., Jiang, Y., Sun, Y.: Convolutions of Harmonic Half-Plane Mappings
with Harmonic Vertical Strip Mappings. Filomat. 31.7, 1843–1856 (2017).
Ruscheweyh, S., Sheil-Small, T.: Hadamard products of Schlicht functions
and the P o´lya-Schoenberg conjecture. Comment. Math. Helv. 48.1, 119–
135 (1973).
Wang, Z., Liu, Z., Li, Y.: On convolutions of harmonic univalent mappings
convex in the direction of the real axis. J. Appl. Anal. Comput. 6.1, 145–
155 (2016).
12
